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Abstract—High range resolution (HRR) is critical for auto-
motive radar where it is directly dependent on the available
transmission bandwidth. However, HRR sensing for OFDM
entails high sampling frequencies, which extends the system’s
complexity and requires costly receivers. In this letter, we present
an approach for achieving HRR with a reduced sampling rate
by exploiting pilots aliasing in OFDM systems. In particular,
the pilots take a ladder shape in the time-frequency lattice
such that under-sampling the received signal causes aliasing
in the pilot symbols with zero-interference from the data. The
proposed approach allows low-cost sensors to obtain the sensing
information without losing the range-velocity resolution.

Index Terms—OFDM, sub-Nyquist sampling, high range res-
olution, JSAC, aliasing.

I. INTRODUCTION

IXTH generation (6G) envisages ubiquitous connectivity

not only for communication but also other purposes
such as sensing [1]. Applications as autonomous driving
present scenarios where both applications are simultaneously
required, leading to the popularization of joint sensing and
communication (JSAC) paradigm [2]. Given that orthogo-
nal frequency division multiplexing (OFDM) is the most
popular communication technique, a significant amount of
JSAC work tries to integrate sensing functionality in OFDM
systems [3], [4]. One of the major challenges in this regard
is to ensure reliable communication while providing high
sensing resolution. The range resolution is contingent upon the
extent of radio-frequency (RF ) bandwidth that is accessible,
with broader bandwidth producing higher resolution. Sampling
a wide bandwidth requires high-speed analog-to-digital con-
verters (ADCs) and digital-to-analog converters (DACs) to
construct the signal at the receiver and transmitter sides for
OFDM systems [5]. However, the utilization of these costly
and energy-intensive apparatuses is unattainable for low-cost
sensors. Moreover, deploying multiple sensors in self-driving
cars necessitates the integration of numerous ADCs and DACs,
which results in increased costs and power consumption.
Therefore, studies in [6], [7], [8], [9] explore low sampling
rate techniques for OFDM radar while retaining the HRR and
data communication.
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Stepped-carrier OFDM (SC-OFDM) [6] divides symbols
into group of sub-symbols, with each sub-symbol being
transmitted using a particular carrier frequency until the entire
bandwidth is fully covered. This way the HRR is achieved
with lower sampling rates for both DAC and ADC, at the
expense of a lower maximal unambiguous velocity and a fast-
settling time of the phase locked loop for synchronization.
Similarly, [7] incorporates a random non-equidistant frequency
hopping pattern using narrowband OFDM to preserve the
maximum ambiguities with low sampling rate utilizing com-
pressed sensing. Nevertheless, it adds more computational
complexity overhead to the radar system. The work described
in [8] uses a frequency comb composed of multiple car-
rier frequencies at both ends to upconvert and downconvert
the signal, generating identical OFDM signals in different
subbands spanning the desired RF bandwidth. However, it
elevates hardware complexity and power consumption, along
with perfect synchronization requirements. Another technique
is proposed in [9], referred to as subcarrier aliasing OFDM
(SA-OFDM ), which leaves empty subcarriers between data
subcarriers in each symbol. Thus after under-sampling, the
aliased subcarriers will slip into those empty subcarriers. Thus,
a low ADC sampling rate according to the under-sampling
factor is achieved, at the expense of downgraded maxi-
mum unambiguous range. Finally, the work in [10] improves
communication-assisted sensing performance by exploiting
pilot sequences used for channel estimation.

Motivated by the aforementioned concerns, in this letter,
we propose an OFDM transceiver design to obtain HRR
sensing with a sub-Nyquist sampling rate for low-end low-
complex devices. First, we analytically show that the effect
of under-sampling the received OFDM signal under doubly
dispersive channels causes aliasing between the subcarriers
in the frequency domain. Building on these results, a pilot
structure is adopted such that after under-sampling the received
OFDM signal, pilot symbols are aliased with each other
free of interference from data subcarriers. Also, These pilots
are distributed in the time-frequency lattice such that the
range-Doppler map (RDM) is reconstructed with reduced com-
putations, ADC speeds, and with HRR detection capabilities.
The complexity of the proposed technique is considerably less
than that of the state of-the-art techniques while achieving
comparable performance and conserving data communica-
tion performance. Nonetheless, as the under-sampling ratio
increases, the unambiguous range decrease while the aliasing
effect becomes more prominent, resulting in a higher signal-
to-noise ratio (SNR ) loss for the aliased subcarriers.!

I Notation: We use capital letters to signify column vectors and boldface
ones for matrices. [ g is The modulo 8 of . The convolution operator,
the Big O notation and the logarithmic base 2 are denoted by (*), O and
logs, respectively. (.), Q and R are the Dirac-delta function, set of rational
numbers and the real part of a signal, respectively.
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Fig. 1. In a bi-static radar scenario, an OFDM transmitter sends a signal
for communication purposes. The reflections of that signal are then used by
separated sensors (sub-Nyquist receivers) distributed around the transmitting
vehicle to obtain radar information.

II. SYSTEM MODEL

Consider a bi-static radar deployed for autonomous vehicles
using OFDM signaling in a V2V scenario as depicted in
Fig. 1. The OFDM frame consists of M symbols and N
subcarriers covering a bandwidth B and separated by subcarrier
spacing Af, each symbol has a time duration 7' = 1/Af [11].
The data dj, ,, (k and m are the subcarrier and symbol indices
respectively), are distributed in the time-frequency domain
and modulated to time domain by performing N-point inverse
fast Fourier transform (IFFT ) on each symbol. After that,
a cyclic prefix (CP ) of duration T, = ]\][\C,p T chosen to
be greater than the maximum excess delay of the channel
Tmax 15 appended to each OFDM symbol to combat against
inter-symbol interference (ISI ). Then, the total OFDM symbol
duration becomes Tgym = T + T¢p. The duration of OFDM
pulse containing M symbols is assumed to be less than the
coherent processing interval (CPI), that way target velocity and
range are considered constant withing CPI. For transmission,
the baseband signal is up-converted by carrier frequency f
and the transmitted time-domain OFDM signal becomes

M-1N-1

] t_ T m
sc(t) =R$ DD dk,mejzﬂ(f°+kAf)trect(7m = ) )
m=0 k=0 sym
(1

where rect(?) is the rectangular pulse function.

A. Pilot Design

The staircase pilot structure [12] is adopted in the proposed
design, where each OFDM symbol contains N,, equi-spaced
pilots subcarriers with spacing S, = Nlp The location of the
pilots in adjacent symbols is shifted with one subcarrier to
form a staircase shape in each successive m OFDM symbol
as illustrated in Fig. 2(a). This pilot arrangement allows pilots
to cover the whole frequency band within each S) symbol.
Consequently, the data and pilots locations in the proposed
OFDM frame arrangements are given as

d . pilot,k:[77+m]N,77:0aSpa-“
k:m = data, otherwise .

(Np —1)8p

@)
whereas in [9], each two consecutive data or pilots are spaced
by p — 1 empty subcarriers, thus the active subcarriers N, =
[%], are distributed as

data, k= pun,n=0,1,...,N,
dk,m{“ i g 3)

zeros, otherwise .
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Fig. 2. Aliasing-based structure: (a) Pilots ladder-like arrangement,
(b) Aliasing of subcarriers due to under-sampling where each P subcarriers
spaced by 5 are added on top of each other.

B. Channel Model

The doubly-dispersive channel is modeled such that the
received signal is the sum of L reflected signals coming from
sensing objects, written as

L-1
h(t,7) = bl — 1), 4)

1=0
where h;, 7;, and v; denote the attenuation coefficient, time
delay and Doppler frequency shift related to the i-th path,

respectively. The delay and Doppler shifts are given as

2R7; li 2 sz c ki 5
T T NAp VT T T T ®)
where c is the speed of light, and [;, k; € Q denote the sampled
delay and Doppler shifts corresponding to the i-th target. The
distance R; and the relative velocity V; of the given target are
extracted from the time delay and Doppler shift, respectively.

III. PILOTS ALIASING-BASED RADAR SYSTEM

The sub-Nyquist receiver, which is placed around the trans-
mitting vehicle body, uses the reflections of the transmitted
signal for sensing. The reflected signal is the output of the
convolution between the transmitted signal and the channel
which results in attenuated, delayed and frequency shifted
replicas of the original signal plus additive white Gaussian
noise (AWGN ), which can be expressed as follows

r(t) = s7x(t) * h(t) + n(t)
L-1M—-1N-1

- Z Z Z hidk’mej27r(fc+kAf)(t,n)

1=0 m=0 k=0
x eI 2TVi(t=Ti) rect(B) + n(t), (6)

where 8 = t=mi—mTeym  Note that the noise is ignored

TS m

in the following mathematical derivation for the sake of
simplification. Yet, it is taken into account in the results
obtained via simulation afterwards. The carrier frequency
offset (CFO) is presumed to be perfectly compensated at the
receiver side.

The received signal is down-converted to the baseband and
the corresponding reflected signal for one target is
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M—-1N-1
ﬁidk’mejQNkAf(t—n)ej27ru¢t rect(ﬁ), 7)

m=0 k=0
where h; = hje J2mViTig=i2nfeTi Rather than sampling

the signal using the Nyqulst rate (i.e., Fs = NAf) as in
conventional OFDM, in the proposed design, the received
signal is under-sampled by a factor P. To ensure that the
aliased pilots are free of data subcarriers interference the
under-sampling factor P must be an integer multiple of S,
which translate to the following constraints

P <Ny, [Np]p=0. (8)
The selection of the under-sampling ratio is therefore flexible,
provided that it complies with the constraints set in (8). In
contrast to [9], where modifying P necessitates the assignment
of new values for p at the transmitter, i.e., the pair (u, P)
is distinct and is unchangeable. The sampling rate becomes
Fs = Nﬁf After sampling and removing the CP, the signal
is given by the formula

y(n)
= y(t)|t nP = hidk+%N,m,ie

= NAF

. Pn—1; . b; Pn — ] =
X3J27rp( P )eJZWW rect(W)

©))

~ . L
where dj ;= 25;01 dk+%N7me_72”pT°l. The under-
sampled discrete time signal results in an aliased samples
where each group P of subcarriers separated by % are
superimposed on top of each other as depicted in Fig. 2(b).
For the aliased pilots, if the delays shifts which can be written

as l; = a; + ;P satisfy []; ]p = «; where both «y, 3; are
pl;

integers, the summation E 20 eI2mE . Hence, the

channel information will be lost and the range detection will

be compromised. However, since realistic delays shifts /;’s
have fractional values, we assume that the aliased pilot entries

dk,m,i 7'é 0.
To convert back the data to the time-frequency domain, we

setn = n’—t—m% withn € {0,1,..., M%}, and then, reshape
N
the received signal y(n) into Y € cP*M , which is given by

771
27
E dkmze

Note that due to the rectangular pulse shaping in (9), each
column of Y representing one OFDM symbol can be treated
1ndependently Therefore, the fast Fourier transform (FFT) of

YeCr XM indicated as YppT is computed as follows
Yppr (K, m)

-1
= Z Yrpr,i (K, m)
i=0

k(n'—1;/P)
N/P

o k; Pn’
12N (10)

Ynm

= FFT{ Y(n'7 m)}

N N k;
~ . A [ . k P 2 (kik/J’»MZP)
= h. eI Z i m eI R Z A N/P
k=0 n’=0
(11)
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. M—1 27 (11 m/! ]2#(171/)71
Since m—0 el ar (I=)m = ﬁ, we can
i -1
write (11) as
/
Yppr (K, m)
N , k;
P j2m(k—k'+ -4
~ . k; ~ kl; MP —
e § g et O

)y
(12)

where k; = % denotes the fractional Doppler shift. For
MP > k; we can assume that ]\ffp ~ 0, then (12) becomes
X1
YFFT(k,m)NhEJQFM Z &kmle ]WN(g(k‘ kl)
k=0
kym o KL/
N ST R e (13)

Note that the fractional Doppler shift causes the sampling
point to deviate by x; from the exact sampling position. This
leads to loss of orthogonality between the OFDM subcarriers.
Nevertheless, choosing a wide Af results in negligible effect
of that shift such that g > €, with € being a very small
number. Considering that the pilots have the same complex
value PhtZNm = dk+me = pg,m With k& = [n +
mln,n=0,8,...,(Np— 1)Sp, The sum of the aliased pilots
in the indices (k, m) can be written as:

P-1

Z Pkt 2 N,m = PPkm. for k =[n+mly

p=0
Then, dividing by the sum of P pilot value py, ,,, leads to
Yrrr (K, m)

[y
2 =0 P+ B N,m

(14)

k'l /P
N/P

— . kim
Dradar(kl, m) = — hiejQ-;rWe j2m

(15)
with h; containing different amplitude attenuation. Since

N >P, we can approximate kil ~ 0. Then h; can be
written as

Aliased subcarriers

fel;

B iy d )
hi ~ hie J27rNAf k,m,i

(16)
Dy Pk+LN,m
In order to obtain the range and velocity of the targets,
2-dimensional FFT operations descrrbed in [13] are applied.
Thereby, for range detection an & pornt IDFT along subcar-
riers is performed. Likewise, for velocity an M-point DFT
operation along symbols is applied over the matrix D,,qar

M-1p-1

Z Z Dradar

m=0 k’=0

]27'r _ 27r vm
Dyradar(T, U ) ) N/P J

a7

Peaks relative to the estimated ranges and relative velocities

of targets will be triggered at the rows and columns of

the matrix D;,q.; for the positions and Dopplers of the
targets respectively

2R;NAf

2V MTf,
cP o c '

(13)
IV. PERFORMANCE EVALUATION

The parameters which are critical in the assessment of the
radar performance are range and velocity resolution (Ar, Av),
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TABLE I
COMPUTATIONAL COMPLEXITY
Complexity
Standard OFDM Radar | O (2M N log,(N)) + O(N M log,(M))
Proposed Pilot Radar (@] (QM% logQ(%)) + (’)(%]\/I logy (M)

and maximum unambiguous range and velocity (7max, Vmax)-
As stated in [13] for OFDM, these parameters are given by

C C
Ar=" Av=_° 19
2B 2fcMTsym (19)
C C
= _N =4+—— 20
"max oB Umax 4f, Tsym (20)

A. Range and Velocity Resolution

For the pilot-aliasing (PA) processing, the whole bandwidth
is used for transmission, hence the resulting range resolution
Ar is similar to a standard OFDM radar, while using lower
sampling rates. As such, in [9] a fraction of the bandwidth is
left unused due to empty subcarriers at the edge, which reduces
range resolution by Argg = Ar|%|. Moreover,
the proposed radar processing keeps the number of symbols
unaltered, therefore the velocity resolution Awv is similar to
conventional OFDM regardless of sampling rate.

B. Unambiguous Range and Velocity
Due to under-sampling, the length of each symbol will be

cut to ? Therefore, the maximum unambiguous range is
limited to
N
Tmax — A’I"F (21)

In contrast, the maximum unambiguous velocity vyax remains
unaffected by under-sampling because it does not impact
the symbol duration Tgym. As opposed to SC-OFDM, each
symbol is divided into Mg, sub-symbols, extending the
symbol duration and resulting in a Mg}, factor reduction in

Umax-

C. Computational Complexity

For radar, the ADC sampling rate will be reduced by a factor
of P. Low sampling frequency reduces the computational
complexity of the follow up radar process, where the matrix
size shrinks to M x %. For that, the required storage as well
as computation complexity is reduced as shown in TABLE L.
Additionally, the proposed scheme uses only the pilot value
to obtain the RDM, unlike other techniques which necessitate
the knowledge of the whole transmitted frame.

D. Communication Operation

The communication nodes do not under-sample the signal,
thus the proposed scheme does not differ from usual OFDM’s
equalization, channel estimation and demodulation. As a
result, similar performance in terms of bit error rate (BER ),
peak to average power ratio (PAPR ) and spectral efficiency
(SE) is obtained. The latter is given by [14]

SE =1logs(1+7)(N — Np)/(N + Nep). (22)
with v indicating the SNR. On the other hand, SA-OFDM and
SC-OFDM shrink each symbol size to Ngp = ﬂ and Ngc =

ML respectively, with p representing the empty subcarriers.
That reduction minimizes the transmitted data subcarriers for
communication and thus lessens SE compared to OFDM.
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Fig. 3. Range-Doppler map for three targets using the proposed Pilot-based
OFDM radar with pilot ratio Sp = P = 4.

TABLE II
SIMULATION PARAMETERS

Paramter Symbol Value
Subcarriers N 1024
Symbols M 512
Carrier frequency (GHz) fe 7
Bandwidth (MHz) B 508
Range 7(m) R; 20 [ 21 [ 43.2233
Relative velocity v(m) Vi 20 [ -10 | 0

nge Profile [dBm]

ed Ra
[

10

00 s 7484 99

(b)

Fig. 4. Range profile comparison for: (a) The proposed OFDM Pilot-based
radar versus conventional OFDM [13] and SA-OFDM [9] with Kk = 2, p
3 at v = 20 dB, (b) Different under-sampling factors with Sp = 4 at
15dB.

V. SIMULATION RESULTS

In this section the performance of the proposed OFDM-
based radar is compared to the existing methods using the
simulation parameters provided in TABLE II. The simulation
considers doubly dispersive channel with zero-mean additive
white Gaussian noise (AWGN) having variance o2.

The range-Doppler plot of the targets illustrated in Fig. 3
shows that the proposed PA radar processing can detect
multiple targets correctly without abandoning the resolution as
suggested in (19). However, when the delay shifts /;’s satisfy
[;]p = o, the pilot summation dj, .m,i = 0, and hence the
target cannot be detected as in case of l; = 150 (corresponding
to r = 43.2233) illustrated in Fig. 3. Additionally, sidelobes
rise around the targets’ real positions due to the aliased
data-subcarriers in (16) and when «; is non-zero fractional

—Jj2may
value, where the accuracy can be degraded by A=eT

JQTFO;.;L
which can neglected and approximated to one fo% small «;.
Additionally, under-sampling reduces the processing gain by
10log1o(P) dB which translates to a low target’s SNR on
RDM. Nevertheless, adjusting the pilot power will compensate
for the SNR loss.

i
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Fig. 5. RMSE of the estimated: range (a), velocity (b) versus SNR with
different under-sampling factors P for three targets.

—6— SC-OFDM (6], Moy = 4 .
5 SA-OFDM [9], 4 — 3 s

Fig. 6. Spectral efficiency comparison.

Figure 4(a) shows that the pilot-aliasing method preserves
Ar when compared to SA-OFDM and OFDM, with difference
in the power related to reduction in subcarriers. Figure 4(b)
also shows that as P increases, rmax 1S reduced according
to (21) without affecting the resolution of the radar detec-
tion. Besides, choosing P less than S} repeats range profile
every Tmax (calculated with reference to Sp) since the same
information is taken from the sampled subcarriers which have
periodic behaviour as shown in Fig. 2 (b). Therefore, sufficient
information is obtained if we under-sample by P = .
Moreover, P > S}, enhances only the SNR in the RDM (more
samples), without extending either Ar or ryax.

Figure 5(a) illustrates a comparison between the proposed
method and other techniques in terms of root mean square
error (RMSE) of the estimated and exact target positions
at various SNR values. For low SNR, the error probability
is high, but it converges to a constant value due to the
predefined bandwidth after a certain SNR threshold, while
the target resolvability remains unaltered. Retaining the same
RMSE while minimizing the sampling rate (high values
of P) necessitates greater SNR. Furthermore, compared to
SA-OFDM, the proposed method requires 4 dB more SNR
to achieve comparable RMSE (for P = 4) due to the loss
of SNR caused by aliased data-subcarriers. Similarly, in
Fig. 5 (b), the velocity RMSE of various algorithms converged
to the same value after an SNR threshold because of a fixed
symbol duration. Additionally, the proposed method maintains
accurate velocity estimation capabilities in comparison to other
techniques, whereas increasing P necessitates a high SNR to
achieve the same RMSE value in order to compensate for the
loss of SNR caused by aliasing.

For communication, the SE of different methods is com-
pared with the same modulation order and transmission
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bandwidth, no guard between the subcarriers is left. As illus-
trated in Fig. 6, the proposed approach does not compromise
the SE for communication, in contrast to SA-OFDM and
SC-OFDM which significantly degrade the communication
throughput.

VI. CONCLUSION

This letter proposes a peculiar technique for OFDM-based
radar to achieve high-range resolution at a cost-effective ADC
sampling frequency. The pilots are arranged in a ladder-like
pattern according to a predetermined ratio .S,, which defines
the under-sampling ratio. Simulation results indicate that radar
performance in terms of HRR sensing is roughly comparable
for various pilot ratios, with a negligible degradation when
employing higher P values due to low SNR resulting from
aliased data subcarriers and few sampled subcarriers. The
proposed method permits sensors to derive high-resolution
information about a target using only the pilot’s value and a
minimal receiver complexity.
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